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TWO NONISOMORPHIC K-AUTOMORPHISMS
ALL OF WHOSE POWERS BEYOND
ONE ARE ISOMORPHIC

BY
D. RUDOLPH

ABSTRACT

As in the earlier example of two nonisomorphic K-automorphisms with
isomorphic square by building an appropnate skew product of a K-
automorphism that 1s not Bernoulli with an algebraic fiber, we get all powers
beyond one of the two nonisomorphic transformations to be isomorphic.
Furthermore, all the isomorphism maps are finite codings of the constructed
partition names.

I. Introduction

We have seen earlier [4] how to construct two nonisomorphic K-
automorphisms with isomorphic squares. Using the same sort of skew product
structure we can strengthen the construction to make all powers beyond one of
the transformations isomorphic. Furthermore, with respect to the partitions
which we use to define the transformations, all the isomorphism maps are finite
codes, hence are continuous maps on the corresponding sequence spaces.

As in both earlier examples [4], [5] the idea at the core of the skew products
comes from a fairly simple example. Consider now the following. Let py, p2- - *pa
be the first n primes. Let G" be the group of all rotations of the circle by
amounts (m,/p, + mz/p.+ -+ + m./p,), 0= m, <p,. It is easy to verify that such
rotations have a unique such representation. In G" select two subsets,

T={<L+L+ ...+i), k odd} and

p-, plz p‘k
Gr= {(l+l+ ...+i>', k even}.
Py Pe Py

Now G! and G each contain 2"' elements, and no element in G{ has the same
order as an element in G3,
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Let Q,= Gx{[0,1) and O, = G3X[0,1), and define T, on Q, as T (g, 6) =
(g.8:+0)and T, on O, as Tx(g,0)=1(g:,g.+8). It is clear T, and T are
nonisomorphic. But for any p,, i = n, T} and T% are isomorphic as follows. Let

(gl +;}*, ) if p, is not in the sum giving g,
¢Px (gh 9) =
(gl - I—}- ) if p, is in this sum.

We will write this as g, = 1/p, to save space. Now

1 1
b o T (83, 0) = &, (8, 0 + pga) = (8' =5 ? “"(g’ i?»

(]

1
- 11 (g, o 0) = T84, (21,0).

This is the natural extension to higher powers of the trivial example in [4] of
isomorphism on squares.

This, of course, only gives isomorphisms on a finite collection of prime powers.
For the example we want, we will need it for all primes. To do this we will
introduce the primes one at a time on ever longer blocks in the construction, i.e.
the finite code giving the isomorphisms for the p, powers will be on ever longer
blocks as i increases. This is necessary as there are only finitely many codes of a
bounded length, and if any two of our isomorphisms were identical, the two
transformations would be isomorphic.

A further difficulty in the above example is its nonergodicity. If we use such a
space as the fiber of a skew product, we will need maps, €, to 2, and Q. to Q,,
which preserve the isomorphisms but allow us to make the transformations
ergodic. In fact we will make them K-automorphisms.

II. Construction of T, and T

We will first build a transformation to act as the base of the two skew products.
This particular construction is essentially identical to J. Clark’s K -automorphism
with no roots [1]. Then we will see how to make the two skew products to
introduce the isomorphism structure of the above example.

A. The base map W

As the previous two examples have given a fairly complete exposition of
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cutting and stacking, I will be precise here only on those parts which bear
directly on the facts we wish to prove.

As usual, a point's W,(E, F, S,, S) name will be built up in stages, at the
(n + 1)st stage we will give the rule for stringing together n-blocks to form
{n + 1)-blocks.

As was indicated earlier, the necessary structure for the isomorphisms of the
prime powers of the transformations will be introduced in stages, p,th powers on
N,-blocks. Thus there is a need for the nature of the spacing between blocks to
change at these points. The values of the N, and the spacers for n-blocks,
N, = n < N,,, are as follows. A 0-block is 6 F’s followed by 3 x 2 8,’s, followed
by 6 E’s and N,=0.

If N, = n < N,,,, we form n-blocks out of (n — 1)-blocks by choosing indepen-
dently an integer f, 0<fXxp, - p..<f(n)=n(p:-- p-2), and a sequence of
@Y (pi X -+ X p.a) X2 (n—1)-blocks. For this choice, the n-block is fx
pi o pee Fs, the sequence of (n — 1)-blocks with spacers in between of sizes
S(n)—1, 2(S(n)—1, -+, ((py X - X p2) (272" - 1)S(n) — 1, where S(n)=
(p1 X -+ %X p,..2)100n°, followed by f(n)— (f)p:- - -p.-» E’s at the end. All such
combinations of F segments and (n — 1)-block sequences are possible and each is
equally likely. Notice that the F and E segments have lengths =0 mod p,

j=i+2, and all spacers have length = —1 mod p, j =i +2. Let h(n) be the
height of an n-block. We also have h(n)=0 mod p, if N, =n <N, and
j=Ei+2.

We can now state inductively how to choose N,. Let

Noov=min{n|(p,X - -+ X p.2)n >2'R(N, + 1),
2.1) )
and pi X -+ X pa<Vnp+1.

That is, the isomorphism on the (i + 1)st prime power is introduced when the
randomizing F’s at the beginning of an n-block are much larger than the size of
an (N, + 1)-block, and the product of the first i + 3 primes is small compared to
all the sizes involved. This now defines W. As is usual, one can show

2.2) 2:)f(i)<5(n)—1 and 2" (S(n)—1)<h(n - 1).

Now for the skew products.
B. Making the skew products T, and T,

Let Q be the space on which W is defined. Let O = Q x [0, 1), X [0, 1), using
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Lebesgue measure on the two circles. As in the earlier examples, we need to give
maps on the second two skew product coordinates that link up the blocks in
order to define T, and T. Before continuing, on { introduce the partition

P= {E X [O, 1)] X [O, 1)2, FXx [O, 1)1 X [O, 1)2,
S X [O, 1)1 X [O, 1)2, S() X [07 %)1 X [Ov 1)29
SeX [5, 1) x[0,1),} ={E,F,S,R, B}.

It is in terms of this partition that all the arguments will be made. We will often
speak of R and B as the colors red and black of a name.
Across 0-blocks, define

Ti(w,0.¢)=(W(w),0.¢) and Tiw,6,¢)=(W(w),0+3¢).

Notice this looks exactly like the two maps with isomorphic squares. Suppose we
know how T, and T: are defined across (n — 1)-blocks. We now want to know
how the second and third coordinates change from (n — 1)-block to (n — 1)-block
in an n-block. Let N,_,=n < N.. For this i, a point 8 in [0, 1), can be written
uniquely as

0=2%€—))+0‘ where 0=n(0)<p,
=1 1

1

and ' <———.
plx .. Xp|

We write (w, 6, ¢) as (w,{n}, -, n,, 8'}, ¢), so that the second coordinate can be
thought of as a set of p; X --- X p, points on which the group elements, given in
the introduction, can act.

To think of ¢ as an element of G or G: we do the following. Write

43

B

o =01,

i

[N

and define the sequences ¢, and ¢? inductively as follows: ¢1=0, ¢ = 7 and

(¢! if =0
¢Il+1=< and
¢:ig—+pl if =
3 t+1
2.3 .
23) o7 if @ =0
¢xz+1=‘
Mt%+; if a=1.
o T 1+1
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Remember, + adds if 1/p, is not a term in ¢, and subtracts if it is. To save space
we will write ¢! to indicate a result holds for both indices. These inductive
sequences ¢!® imbed in the ¢ coordinate the two subsets G} and G as any
¢!®=(1/p,+ -+ +1/p,) where i;,< ---<i, =i and k is even (odd) and any
such sequence occurs, and using Lebesgue measure on [0,1),, each such
sequence is equally likely. We can write ¢ as (., &, @1+ ).

With this representation for ¢ and 6, we can write the analogues of the maps

in the introduction,

(2.4) gi(6,6)=(8+d.,¢) and gi(6,¢)=(0+4¢).

As was indicated earlier, we need a collection of maps on these two
coordinates which move any two coordinates to nearly any other, if only to
guarantee ergodicity of the skew products. We now define these. The first is
rotation on 6, i.e.

(2.5) f(8,¢)=(6 +a,8).

The map which moves ¢ is more subtle. The reason for this is that the
isomorphism map on the p.th power for some ¢ coordinates increases the rate
of rotation of 8 by 1/p, and on some decreases it by 1/pi. To link together two
such ¢ coordinates in a way that is consistent with this isomorphism we must
switch the orientation of 8, as we pass through the map, on multiples of 1/pi. It
will not work to simply switch the orientation of the entire 8 coordinate, as this
linking map must not only be consistent with the isomorphism at p., but all
primes less than p,.,. Thus on some pi’s the orientation must be preserved and
on some, reversed, depending on how ¢ changes across the map.

Proceed as follows. Let 0 <l k =i and write @ as

{ni(8)---ni6)---ni(8)---n(6),6'} and ¢ as {¢.?, -}
Now
fudni(8) - -n6)---ni(8)---ni(6),0h{$.”, -}
2.6) - ({ni(ﬁ)'-'—n;(O)---—nL(B)--'n:(B),O'},

1 1 })
) =+ = EER .
{d). P pk,a

Thus fi, switches the sign mod p; and p of n;and n and adds or deletes 1/p; and
1/p. from ¢!?.

The maps fi. generate a group under composition of order 2!

which is
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transitive on the ¢!? part of the coordinates. Let f;---f5- be a sequence of
elements from this group such that any element in the group is of the form
fiofi-1+--of for some j, and fr-i1o fr1_ -+ - o fy = identity.

Now we are ready to define the maps which link up the second and third
coordinates in (n — 1)-blocks in an n-block. We will call a map, which tells how
the second and third coordinates change from the beginning of one (n — 1)-block
to the beginning of another in an n-block, a linking map.

There are 2'7'(p, X + -« X p,.1)°2" (n — 1)-blocks in an n-block. Let w, be the
first point in the kth (n — 1)-block in the n-block. Let W’ (wi) = wi.1. To define
T. and T, across n-blocks, we need only to define Ti and T% on (w,, 6, ). If
k#0 mod (p,x ---xp,), then

(27) Tllk(wk’ 6’ ¢)=(wk*|3 g‘l(g’ ¢)) and Tl;(wk’ 07 d)):(wk*-l’ glz(e’ ¢))9

i.e. across segments of an n-block of lengths containing (p, X -+ X p,) (n — 1)
blocks the linking map between (n — 1)-blocks is the analogue of the example in
the introduction.

Let Q =p/x ---xp. If k=k'°Q, k'#0 mod Q, then

Tllk(wkv 0’ ¢) = (wk*l’ fOTl ogll(07 (b)) and
lek(wk’ 0* d)) = (Wk+17f07' oglz(oa d’))’

i.e. in between the strings of (p, X - - - X p,) (n — 1)-blocks on which the linking
maps are already given, we also insert a rotation of the 6 coordinate by Q;".
If k =k'>Q? then

T (wx, 8, &) = (Wie1, fikmoaz—1° for1° 81(6, @)) and
lek(Wk, 6, ®) = (Wir1, frmoaz 0 forre 812(9» ¢))

i.e. at these points we also add in an f, cycling through the j in order.

2.8)

(2.9)

In order to get some feeling for this construction, consider the following. Let
w = (w, 6, ) be an initial point in an n-block. Then w, Ty(w)---TT™(w) is the
trajectory of w through that n-block. Let T%w), T%w)---T"(w), s=
2'7Y(Q,)2" - 1, be the initial points in the (n — 1)-blocks in this trajectory. Write
T"(w)=(w, 6, ®,). Now [, mod Q. cycles through the values 0 - - -(Q, — 1) from
our choice for spacers. Writing

6, = (ni(6,)---ni6,), 06,

the various linking maps will cause (ni(6,)---ni{(6,)) to vary with r. Finally
writing
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= (¢ a0,

the ¢:? will also vary with r. The following lemma gives some justification for
the complexity of the linking maps and will be used later to show T, and T, are
K-automorphisms.

Lemma 1. For any initial point w in an n-block, N. 1= n < N, the sequence of
triples (I, mod Q,; {ni(8,)---n¥(6.)}; ¢'?) for r=0---2""(Q,)2" — 1 takes on
each possible value (pi.,-2") times.

Proor. We first show that the triple for r' = r + k(2'"'(Q.)) is the same as
that at r. This is true for /. as we have h(n —1)=0mod Q, evenif n = N_, -1,
and the initial F segment has length =0 mod Q, and the S spacers between
blocks have length — 1 mod Q.. Now for the other two terms, if we write out the
linking maps between k(2'7'(Q,)’) and (k +1)(2'"'(Q.)?) as a product we get
from (2.7), (2.8) and (2.9)

(g :(zxo.>°f 4)0. of',_,(guzxo,)of _,)0. ofy-iy - .(gI(ZXOnonT,)Q- °ofy.
But as g!® has order dividing Q, and so does fo::, this is fiofs---ofi1=
identity. Thus the triples have a cycle of this length. It remains, then, to show
that each value is taken exactly once in a cycle.
Across such a sequence of r’s, first fix the value [, mod Q, = 0. Now the linking
map between the first and kth block of such form is

(2.10) fko:‘°f'°"'°f'z°f'1=fk where j=[%],

In this sequence, the maps fio---of} move ¢|® transitively, and fio; fixes
$!® but moves (n} - -n.) transitively. Hence the maps f, are transitive on the
last two terms of the triple.

Now if I, =t mod Q, the linking map between the first and k th such block is
(&) (f)(g1®). As the f, were transitive on the last two terms, and g'® is one
to one onto on these terms, the above linking maps are also transitive, and the
resuit follows.

We want now to add to this that the values {ni(8)---ni(8)} and ¢, are
determined by a points P-name across an N,-block.

LemMa 2. Let w=(w,0,¢) and w' = (w, 8', ¢') be two initial points in an
n-block, N,y =n <N, The Tu, (E,F,S,R,B), h(n)-names of w and %' are
identical iff (n}(8)---n}(0))=(ni(8")---ni(6") and P = ¢.'®.

Proor. If (ni(8)---ni8))=(ni(8")---n¥8")) and ¢!? = ¢!'®, the names
must be identical, as none of the linking maps up to this stage effect the values 6',
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6" or (e, *-), (&' - ), and all # with a given fixed (ri (8) - -n (6) have the same
color.

For the only if, let wy, w,, w,---Ww, and wj, Wi, wy---Ww;be, as in Lemma 1,
the points on w and w’s trajectories which lie at the beginning of the
(n — 1)-blocks in the n-block. Note that the linking map between the 0-th and
the k(Q,)th, (N, — 1)-block, k < Q, is, from (2.10), fio-, i.e. rotation of f by
kQ.". If 6 and 6’ did not both lie in the same interval [k'/Q,, (k' +1)/Q.) then
one of these would have 6, € R and 6, € B, or vice versa. Hence

(ni(0) - -ni(8)) = (ni(8") - -n(8)).

Arguing similarly we know that the angles 8, and 6 for w and w' lie in the same
interval [k"/Q, (k" + 1)/Q.). The linking map between 6 = 6, and 8, is g! which
adds ¢1™ to 6, and between 8’ = 6 and 8/ adds 6!"” to 6’. Hence ¢/? = ¢'®
and we are done.

III. T% and T% are isomorphic

We want to show that there is a measurable measure preserving map H,, such
that T%H, = H, T . Furthermore, the construction of H,, is such that it can be
expressed as a finite code from T, (E, F, S, R, B)-names to T, (E, F, S, R, B)-
names.

The map H, will be the identity map on uncolored names. On the (6, ¢)
coordinates it will be defined across N,-blocks as follows. Define

(3.1) 196, &) = (0 :;)17,¢),

where by ¥ we mean, take the sign opposite to that in ¢, = 1/p, i.e. add 1/p, to

6 if 1/p. is in ¢!, and subtract if not. Further, define the map

(32) G0, &) = (a, ¢.“3:xpl,a.“ . )

the analog of the isomorphism map in the introduction taking ¢ .., to some ¢2,,.
Now for 0=k < h(N,) and, as we said, w an initial point in an N.-block,

define

(3.3) H, (Ti(#w)) = Ti(w, (h))*G (8, ¢)).

We will later define H,, on the space not in N,-blocks. This changes ¢! by adding
or deleting the 1/p, term, and rotates 6, as we move down the name, by =1/p,
each step, depending on the nature of ¢!. From this it is clear that across
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N,-blocks at least H,, is an isomorphism on p,-powers. We wish to verify this
across all n-blocks, n = N. We do this by showing (3.3) will always hold across
such n-blocks.

In order to show this, we will need the following algebraic facts on the various
maps on the (6, ¢) coordinates.

Lemma 3. Recall the following maps;

3.4) fo(6,0)=(0+a, ¢),
(3.5) g,%60.6)=(6+¢,7, ),
(0. 0) = ful(ni(8) - -n¥(0) - -ni(B)---nY0),6').(d,”, a, - -))
(3.6)
— <(n’l(0)—n’,(0)._n’k(0) 1(0) 01 < 1(2)+p1 p—l— ‘ >>,
12) . —L
3.7) lu(&¢}—@+p:@

where + has the opposite sign to ¢!@+1/p, (notice in this ¢!7 could be

replaced by an ¢,?, j > 1),

(3.8) G:,f”((),dﬂ:(@,( 3(31)‘*[% @t ))

(notice here also that i +1 could be replaced by any j > i).

On these maps the following facts hold, for i <j:

(3.9) fhi®=h1?f,,

(3.10) £GP = G2f.,

(31D fuGr? = G fl,
(3.12) L@ = hIPf
(3.13) hi@gle = glOp 1@
(3.14) hiVG Vg =g/ "Gy

Proor. Notice (3.9), (3.10) and (3.13) are clear. To prove (3.11), apply the

fact that
(L)l (goal)ul
VA " T T

at the appropriate places.
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To prove (3.12), consider
OB, ) = flh . P(8,(4,%, a, - )

Israel J. Math.

1 .. 1. . .
§ -—, if —isnotin ¢®
n » ¢,
= fix , (/%)
1 ., 1. .
0 +—, if —isin ¢,?
P D !
'6'—i ifiisnotind;"z’andi;télkW
p D. ! ’
6?'+l if lis in [ @and i# Lk
: A .
= < ,< W@yl g )
6'-#i if lis not in ¢;® and i =1L k b P
pl px
8’—l if —I—is in ¢, Pandi=lk
L D P

where 0’ is the first term in fi.(6, ¢),

_hl(z)(e ( l(2)+ 1 ii,a, )
P« D1

= hiOfid6, ¢).

It is this fact which is critical in the form of fi..
To prove (3.14) consider

hIZ(I)G‘l’(Z) (2)(0 ¢) — h2(1)Gl(2) 1(2)(0 (d’l(Z) .. ))

= h,z“)G:,fz’(O + d,;m, (4,11(2), a )= h?"’(() + ¢;l(2), <¢,”2)i—l—, a -

pl

(e emobfomalia)

D

where (&) has the same sign as *+ in the second term,

= (6 + (d)ll@)__t[}) ( ]‘(2)4-; ,q >> gf(l)(a, (d)’l&)ipl’aj e

= 8/7Gp7(6, ).
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This identity is really just a reinterpretation of the isomorphism map in the
introduction.

Tueorem 1. For a.e. w €Q, H,(T¥w))= T>H, (w).

Proor. What we first verify is that w is the inifial point in an n-block, n = N,
and k < h(n), then

(3.13) H, (Ti(w)) = Tx(w, (h)) <(G};)(6, $).

We already know this for N,-blocks (3.3). Assume it true for n-blocks. Let w be
an initial point in an (n + 1)-block.

Case 1. Suppose T((w) is the initial point in the [th n-block in this
{n + 1)-block, and N,.,=n+1<N, j>1i Then

(3.14) TG, (T (W) = (w, (f}) " G ,.f1(6, $))

where f! and f? are the linking maps for T, and T; between the 1st and Ith
n-blocks in an (n + 1)-block. To write out these linking maps as a product, there
is a set L of pairs (1 k), I, k =j, and integers /, and [, with

(3.15) fi=(@)ofuw,° [l fix and
(Lkyer
(3.16) fi= (@) e fuorre I fix.
(Lk)yeL
Thus,
(f) oG, ofl

-1
= I1 fu) of rore (@)= Gitaeuore [1 fu

{Lk)yeti

1l

(Lk)eL

-1
(I1 i) ofiopohi®eGhefiore T1 i, by (319)
(Lk)eL !

h

The G} by (3.10) and (3.11).
Thus
T H, (TH(W)) = (w, h "G (6, $)).

Now k mod p, = (— ) mod p, as h(n)=0 mod p.. Further, /, mod p, = mod p,
as both count the number, mod p,, of the g!®s occurring in the linking map f*®.

‘Hence h''= h* and we have the result in this case.
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Case 2. Suppose Ti(w) lies inside the [th n-block. Let T¥(%) be the initial
point in the n-block containing Ti(w). Using the induction statement on
(W*(w),fi(6,)) and k — k' we get

T:*H,Ti(w) = (w,(f))'(h)) G, fi(6. $))
= (w, (L)) (f) ' G,fi(6, 8)),

as by Lemma 3, h| commutes with all linking maps,

= (w, (R ()G (6, ¢))

by precisely the computation in Case 1,

=(w, ()G (8. ))

and (3.14) again holds.

For those k with T*(w) not in an n-block, define H,, (T*(w)) by (3.14). Thus
(3.14) always holds on (n + 1)-blocks. By induction, H,, is defined everywhere
and on all n-blocks, n = N, satisfies (3.14).

Now to see that (3.14) implies isomorphism on p,th powers, we know that for
a.e. w, there is an n with w and TH(w) both in the same n-block.

Let w = T1(w) where W' is an initial point in this n-block. Using (3.14),

T:"(H, TH(w)) = T:"(H, Ty ""(w')= T5 (W', (h))"*G)(0', ¢")

=T (W, (h)'G,(6". ¢) = H,(TT' (W) = H, ().

Tueorem 2. The map H, and (H,,)™" are finite codes on T, (E, F, S, R, B)-
names to and from T, (E, F, S, R, B)-names.

Proor.  Outside N,-blocks, as H, fixes uncolored names, H,, is surely a finite
code on names as all colored points are in N,-blocks. On N,-blocks,

H, (Ti(w)) = Ti(w. (h})*G (6, $))

for w an initial point and 0=k = h(N,). If 8 =(n\""(8)---n.13(6), 6'*") and
¢ = (¢.\s1, a1 ), then the map (h})*G,, (6, ¢) is determined by only the values
ni"'()---ni1i(8) and .., and fixes 6'*' and (a..---). By Lemma 2, then
(h))G,,(8, ¢) is determined by the ’I"I(E-',F,S-’,R,B)-name of w across the
N,-block, and determine only the‘Tz(E, F, S, R, B)-name of H, (w) across its
N.-block. The result follows.
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IV. T and T; are K-automorphisms

Using Lemmas 1 and 2, we will apply the standard argument on such
transformations to show T, and T, are K-automorphisms. As the argument
varies only slightly from that in [4], the reader is referred to this proof for details
we skip here.

THEOREM 3. Let P= (E, F. S R, B). Given ¢ >0 and integer k >0, there is
an N such that for any m >0 and n Z N,

o n+k
4.1) v Ti(P)L* v Ti(P).
-m n-k

Proor. First fix e >0 and k > 0. Choose N, large enough that the set of w in
an N,-block more than k-positions from the ends of the block is at least (1 &7).
Call this set Q. Let N = h(N,,,—1)+1.

Now fix n > N, and let " = T7"(Q). As u () > 1 — £, it will suffice to show

4.2) v TPy LV Ty(P)/@n

Let A be an atom of V2, TW(P)/Q1", i.e. aset with a fixed P-name from ~ m to
0. We want the distribution of T\, P-names on T7 *(A)---T7"*(A) to be exactly
the same as that on T77%Q")- - - T7*4(Q"). This last is precisely the distribution
of 2k-P-names on N,-blocks.

On A define the functions L{w), F(w)and N(w) as usual (see [4] and Fig. 1).

(Ni, - 1)-block
{Ni+1 )-block
F's H N; -block
-"|‘______“|I _____ —l . I | | l
TMw) % T W) T W)
Liw)
Flw)
N(w)
Fig. 1

Break A into subsets A, with a fixed P-name on T,"(w) to Tt™(w) and
TE™(w)---TY™(w). In A, the block of F’s from T1™(w) to T{™(w) can take
any value Q...---(N.i—1)Q.,; except those which do not put
T Yw)---T7"Yw) into an N,-block in the right (N, + 1)-block. But each of
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those possible is equally likely. As (N..,~1)Q...> h(N, +1), this will put

“H(w)---T1"(w) into all the N,-blocks in this (N, + 1)-block. The sequence of
positions T(w) that can hit across this (N, + 1)-block come in multiples of Q....
Lemmas 1 and 2 tell us that in this (N, +1)-block, we see any possible
P-N,-block name at any distance mod Q... into the (N + 1)-block, each with
equal probability. Arguing as in Theorem 1.2 of [4], (4.2) follows, and hence the
result.

V. T, and T are nonisomorphic

In showing this a number of the lemmas depend on the block structure of the
uncolored doubly infinite name of a point. These facts are shown in precisely the
same manner as in previous papers [4], [5]. When this is true the proof will be
omitted and the reader referred to such places.

As usual in such arguments, if w is a point of ), we can write the P, T, name
of w as -+~ B, B_,, By, By, B;--- where B, € P and Tiu(w)€ B.. From our
construction, such a name consists of colored r-blocks. Such an n-block is a
sequence B, - - *By(n.,-1. If Ty and T: were isomorphic, then T, P-names could
be approximated arbitrarily well in the d metric by finite codes of T}, P-names.
We will show that the block structure and colorings of 7>, P-names are so rigid
under closeness in the d metric that this is impossible.

LEMMA 4. There is an £ >0 such that if Ax - *Augmyrk-1 and B, * - *Binys, 1
are any two W, (E, F, Sy, S)-names across n-blocks, and

3 1)<k = 1< him) (1~ 5),
then A, # B, for atleast § (h(n)— |k — j|) values sup(j, k) =i < h(n)+inf(j, k).

Proor. Argue exactly as in Lemma 1.1 of [4].
Now in an n-block A = Ay -+ *Apmyex-1, let (I, S)a represent the Sth [-block
in A, for [=n

LEmMMmAa 5. IfA = A+ -Avinimyr and B = B, - - * B, .u(n)-1 are two n-block, W,
(E, F, So, S)y-names, |k —j|<h(n)(1-1/2“"), and A,=B, for at least
(1-eé&)(h(n)—k —j|) values i € {sup(j, k)-- -h(n)+inf(j, k)}, then all but at
most 2¢ of the (0,8)a blocks lie precisely over (0, S)s.

PrOOF. Argue exactly as in Lemma 1.2 of [4].
Now suppose there is an isomorphism map, ®T, = T,®. As ® is measurable,
& (P)C VI, T\(P). Thus for any ¢ there is an N(g) with ®7(P)C* VL, Ti(P).
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That is to say, there is a P(g) C V™)., T3(P), and | P(g) — 7' (P)| < . Hence, for
almost all w € (1, the P-name of T;™"*(w)- - - TT"*(w) will determine what atom
of P(e), Ti(w)isin, and this P(e)-name agrees with the P-name of T5(®(w)) for
all but a set of k’s of density e.

Let w, be a point which codes well for a sequence of ¢’s tending to §, and a
generic point for the T;, P process. As usual, [4], let A, B, C denote occurrences
of an n-block P-name in the P-name of w, 1€ a sequence
Ac(W)* A iinm-1(w) which is the P-name across an n-block and T'(w)€E
A, (w). Further, let (A), or (A —~ B). or (A — B — C), denote the collection of
all occurrences of the n-block P-name of A in the name of w,, or the pair
A — B, of the triple A — B — C, where any size spacers are allowed between A
and B and C, but they are consecutive n-blocks in an (n + 1)-block. An
occurrence A = A, - -Aiinm-1 Of an n-block in the T, P-name of wy, P(e)-
codes a-well if the P(e) name across Ti(w)---T1*"™ ' (w) and the P-name
across TH(®P(w))---T5 "7 (d(w)) differ in at most ah(n) places.

Lemma 6. For all but ¥/2¢ of the classes (A), of n-block T,, P-names, for all
A €(A), but a set of density ¥2¢ in (A),, A P(g)-codes ¥/2¢ well. Similarly for
the classes (A — B), and (A — B — C),.

Proor. See Lemma 1.4 of [4].

LemMa 7. Given g >0 there is an N so that if n = N then for all but at most ¢
of the classes (A)., for all but a set of A €E(A). of density &, P(A) contains
(1-¢e)h{(n) of a T>, P n-block.

Proor. See Lemma 1.6 of [4].

Lemma 8. IfAand A'= Ty (A)E (A).are n-block names in the T,, P-name
of w, both of which P(e)-code i £-well and P(A) and P(A') overlap T,
P-n-blocks C and C' respectively, each in more than 3h(n) places, then T1(C)
and C' overlap in at least h(n)— 2, f(i) places, and across the segment of their
length, where they overlap A’ they differ in at most an ¢ fraction of the name.

Proor. T3(C) and C' overlap in at least 1h(n) places, with at most an ¢
fraction of differences in this overlap. The result now follows from Lemma 4.

Lemma 9. Given e >0 there is an N so that if n = N then for all but at most ¢
of the classes (A),, for all but a set of A € (A), of density ¢, the n-block ®(A)
overlaps in more than }h(n) places occupies the same position in an (n + 1)-block
as A.
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Proor. This is argued with only a minor variation as Lemma 3 of [3]. We can
combine Lemmas 5, 6, 7, 8 and 9 into the following result.

Lemma 10. If ® is an isomorphism between T, and T,, and € >0, then there is
an N so thatif n = N, for all but ¢ of the T, n-block classes (A )., for all but € of the
occurrences A, A’ = T*(A)E(A)., ¢(A) overlaps a T:-n-block C so that all the
(n — 1)-blocks in A overlap the corresponding (n —1)-blocks in C in at least
(1-€)h(n - 1) places. Similarly ®(A’) overlaps C' and T*(C) and C' have all
but € of their corresponding 0-blocks lying precisely over each other and of the
same color.

As in [4], we will now show that if blocks code as the above says they must,
then the colors of the names will force a contradiction. The initial point of a
j-block has three coordinates, the second two, (6, ¢), determine precisely the
sequence of colors, red and black, of the 0-blocks down the name independent of
the first coordinate. Define the metric |[(8, ¢),(8, ¢')|, as the fraction of
differences in the two 0-block color sequence along a j-block given by (6, ¢) and
(6',9").

As an average over j-blocks we can write

(ﬂ fi)0+ k0. + k63, 8)

I/

where N, =j+ 1 <N, Thus this value is constant across j in the ranges
N, 1= < N. Noticing that the maps fi(6, ) act independently on the two
coordinates, we write

52) (I1£:)0.6)= (f'0)+ 01 (o).
Lemma 11, The value ||(6, ),(6', &)|, is independent of ¢.

16.0).8. )], = 5153 %

k.k*

.1) ,
(ﬂ i )(0' +kQ,"+k'¢p?. ¢")

Proof. True for j =1 as ¢ has no effect on 1-block names. For j + 1, using
the above comments,

[(6.6).(6" &), = ﬁz 1G£7(6 + Q. + k'&2:fi7($)).
(fi7'(0+ kQ." + kéifi (@),
(5.3) |
=510, 2 16f1 @)+ kQ."ofi7(8)).

(fi (8 +kQT".f (o),
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as f (0+q0;")=.f""(6)+q' Q" where the map g to q' is linear and
invertible and (kQ,'+ k’¢}) takes on each value qQ;' exactly Q, times. By
induction, this sum is independent of ¢.

Lemma 12. For any 6,0, ¢ and prime p,,

Prn

G4 >

k=1

[(0+£.0).00)] =[2]4 toran j(=1itp =2,

Proor. For j < N it is easy to see that Zf~,[(8 + k/p., &), (6", &), = [p/2].
Assume the result for j = J. The result for J + 1 breaks into two cases.
Case 1. If n=i and N_,=J+1<N, then
(o
pn

+ k'O, ;*'(¢)>,(1f}"(0’)+ k'Q7, P(d’))“]

Pn
k=1

_ 1
o 2700 2

¥

}(0+;";,¢),(0',¢)

Lk’

as in Lemma 11. But this
552 (2 (ko= E i),
O k07 (@) )

by the form of ,fi™'. Thus whatever bound holds for J will hold for J + 1. (This
completes the result for p, =2.)
Case 2. If n>i, N_,=J+1<N, then

Pr
k=1

-3 (2

(o ““p'li"f’)’(""“’)

((o+3)

F+1 k Lk’
(5.5)
+KR0)"6). (70 + k0. 9)]
J
by Lemma 11.
The map ,fi”' on any 8 =(n\""'---n;"", 6')"" switches the sign on some even

=1

number of ni”"s. Let .fi-' be that one which switches the signs precisely where

fi7" does not, except for n5' which it switches or fixes as ;fi”' does, and n{™'
which it switches or fixes in order to switch altogether an even number. Now we

can write the sum (5.5) as
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3 (a2 [l
+. (1 ;:'(0 +p£>+k’07',¢>,(1f17’(0')+ k'071,¢)” ]
60 =3 (s [0+ E) @ wors) wor s

. (9 +pﬁn) +k'Q7, ¢>),(1f2“(9’)+ ko, d:)”]

+“<1 ;:‘(0+kp277>—1 27‘(0')+k'Q'l’d’)’(k,O‘l’(b)”f]

n

by rearranging the sums.
Now by the triangle inequality and simplifications, (5.6) is

1

(5.7 = 70, &

(25 007 ). k0. 8|
where n¥'is the s term in ,fi7'(6 + k/p.) and nj'is the s term in ,f;7'(8’). It is easy

to show, as p. > p, that for fixed /, n'is —1, 0 and 1 each at least [p,/3] times.
Hence grouping (5.7) over constant (n;'— n;’) we get that it is

_20[ ] (k’Of'+§.¢)(k’O,“,¢)“J

e [l -5 o)

by Case 1. It is easy to compute a bound of ; for this infimum and we are done.

(5.8)

Lemma 13. If ¢i# @7, then for j = N,

(6, 4), (6", &), = 5.

Proor. We proceed by induction on i. As ¢; = ¢1' always, there is nothing
to say here. Assume the result for j where j +1= N, Then

16, ). (8", &)}
5.9
1 L -1 pl 1 i ! -1 g —1 ' ’
=507 2 NGFI8 +kQI + K'01).ofi(9)), (Fi(6+ kO + k'6."),of () ...
If ¢..# ¢!, we are done by the induction hypothesis on each term. If

¢.1=¢/' and ¢! # ¢, then ¢, = ¢!' +1/p. Assume w.l.0.g. that the signis +.
Then (5.9} becomes
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_ k'
> 1l2+”;" <1f;<0 + kO + k/¢:1+g),2f;(d>)>,
(5.10)
0+ KO+ K800
As| -, - |, , depends only on ¢.-; = ¢, Lemma 10 applies to each term in
(5.10), and it is
pl|l.1
= [3]6[),230’ as p 3.

We are now ready to combine Lemma 10 and Lemmas 12 and 13 to force
further restrictions on @ to the point of contradiction.

Lemma 14. Let @ be an isomorphism of T, and T,. Let A € (A), have initial
coordinates (Ty(w), 6, ¢), and the block C which ¢(A) overlaps have initial
coordinates (T% (®(w)), 6, §). Given ¢ >0, there is an N, so that if n = N, for all
but e of the classes (A),, for all but ¢ of the occurrences A € (A),, ¢’ depends only
on ..

Proor. If ¢ is chosen < 1/30in Lemma 10, then by going from (A ). to (A").
where A and A’ have the same (6, ¢) coordinates, by first changing the second
half of the name, then the first, Lemma 13 implies the result.

LemMma 15. Let ® be an isomorphism of T, and T». Let A € (A ), have initial
coordinates (T\(w), 0, #) and the block C which ®(A) overlaps have initial
coordinates (T (®(w)), 8, §). Given e >0, there is an N, so that if n = N, for all
but € of the classes (A).,, for all but ¢ of the occurrences A € (A),, any prime p, not
in ¢! is also not in ¢2.

Proor. Fix p, and let N,,,Zn >N, =N, ,. If n <N,_, neither ¢! nor ¢?
contain p,.

Consider the set of all classes (A ), where p, is not in the ¢} coordinate of A.
This is half the classes. For such an (A), let P = Q./p, and break the
(n — 1)-blocks in A into strings of length Q. In each such the (6, ¢) coordinates
of the (n - 1)-blocks are periodic with period P. Hence we can write this
collection of {(A), as a collection of sequences

(5.11) (Ao =+ (Ap-1)n

where (A,. ). is obtained from (A, ). by rotating the (n — 1)-blocks in a string of
Q.(n — 1)-blocks through the period P in the first half of the block, fixing those
in the second half. Call this permutation of (n — 1)-block names R.
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Let & be some positive number we will specify later. By Lemma 14, if n is
large enough independent of p, we know that after deleting & of the terms (A, ).
in the sequence, except for § of the A, € (A,)., P(A,) overlaps an n-block C,
whose 4_) coordinate is the same for all these C, and all but 8 of the
{n — 1)-blocks in A, overlap the corresponding (n — 1)-blocks in G, in {1 - 5)
h(n —1) places. And if we write out an array of names

(Codn
R7'(C))

(5.12)

R (Cpridn)

in this array the terms differ by at most £5%/2 places, except for & of the names in
the array (remember ¢ is the constant in Lemma 4). Hence, by Lemma 5, for all
but § of the C, for all but § of the (n — 1)-blocks in R™"({(C,),) and R ({C,),),
all but & of the 0-blocks in corresponding (n — 1)-blocks have the same color.
That is, the color sequences across these good (n — 1)-blocks differ pairwise by at
most 4.

Now suppose p, is in ¢ 2. Let the Ith (n — 1)-block in C, have (8, ¢) coordinate

(5,‘,, ¢) (I am suppressing the fact that § of the C, do not have ¢ as third
coordinate).

(5.13) Looking at an ! in the first half of an n-block we get from above that in
the {n — 1)-block color sequences for coordinates

G ®). (Bt d)-(5,000+ K1) )

]

except for & choices of / and § terms in the string, differ pairwise by less than §,
where k = P mod p,

(5.14) Looking at ! in the second half of an n-block we get that in the
(n — 1)-block color sequences for coordinates

(50,1', d;l'), (o-l.l‘s d;l) s '(O_prl.l'a ‘51'),
except for 8 choices of I’ and § terms in the string, differ pairwise by less than 8.

(5.15)  For I’ halfway along the n-block from I, (6., ¢) and (8., &) have
identical color sequences.
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Combining (5.13), (5.14) and (5.15) we can conclude that deleting V65 choices
of | and V68 terms in the sequence, the color sequences for

(gr.b 51)» (0-rl + 'ékj, d;t) e (fi: +ﬂ£p};1), 6:)

differ pairwise by less than 28.
But for such a good ! we conclude that there is a k’ so that

p,~1
But for § chosen small enough this conflicts with Lemma 12. The result now
follows from Lemma 14.

(é,_, + I;—', 5,) , (6,,, +p—k,, d;,) “ <125+ V69).

1

THEOREM 4. T, and T, are nonisomorphic.

Proor. Assume otherwise. By Lemma 15, for n large enough for all but ¢ of
the n-blocks A, ®(A) overlaps a block C and any prime p, not in the ¢
coordinate of A is also not in the ¢ coordinate of C. Interchange the roles of T,
and T: in this and the ¢ coordinate of A must be identical to the ¢2 coordinate
of C for n large enough. This is impossible.

VI. Conclusion

This construction, although quite intricate in places, is basically very simple.
The intricacy really only arises because of the particular nature of the example
we were after. The basic idea is quite straightforward. The rigidity in d of the
block structure of the original Ornstein example can be used to carry an
algebraic system into the class of K-automorphisms. Beyond this, it is just a
matter of finding the proper fiber structure for a skew product so that the usual
arguments can proceed.

What is perhaps most significant in this example is that all the isomorphisms
are given as finite codes on a single partition. In fact, if this were not so the
example would be even more difficult to discuss, as the explicitness of these maps
would be lost. As such, though, it gives some indication of how delicate the
names of a K-automorphism can be made.

There remains still one major question in this direction. Can two nonisomor-
phic K-flows be constructed which are isomorphic at all times? The difficulty
here is the need for an uncountable collection of isomorphisms which must, of
necessity, get close to each other vaguely.
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It would also be valuable to try to put these constructions into a general
framework, so that arguments which, as we have seen, are nearly identical for
the different examples, need be given only once in suitable generality.
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